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Abstract. In this paper, we prove a convergence theorem for sequences 
of Einstein Yang-Mills systems on [/(l)-bundles over closed n-manifolds 
with some bounds for volumes, diameters, L 2 -norms of bundle curva- 
tures and -norms of curvature tensors. This result is a generalization 
of earlier compactness theorems for Einstein manifolds. 

1. Introduction 

A Riemannian metric g on a smooth manifold M is called an Einstein 
metric with Einstein constant A, if g has constant Ricci curvature A, i.e., 

Ric = \g 

(cf. |5j). Einstein metrics are considered as the nicest metrics on mani- 
folds. Nonetheless, it is well-known that some manifolds wouldn't admit 
any Einstein metric (cf. j5J 3 [12] )• In [IS] and |18j . the notion of Einstein 
Yang-Mills system is introduced as a generalization of Einstein metrics by 
coupling Einstein equations with Yang-Mills equations. Let C be a principal 
[/(l)-bundle over a smooth manifold M. If a Riemannian metric g on M 
and a connection A of C satisfy the following equations 

Ric — \r\ = Xg 



(1) 



2' 

d*F = 



where F is the curvature of A and = g Fn-Fji, then (M,C,g,F,X) is 
called an Einstein Yang-Mills (EYM for short) system and A is called the Ein- 
stein Yang-Mills constant. Besides Einstein metrics with flat [/(l)-bundles, 
other solutions of ([!]) are obtained in Section 2 of [IB]. The parabolic ver- 
sion of (P), so called Ricci Yang-Mills flow, is studied for solving ([I]) in [TUJ 
and [IS]. A solution of dU also solves Einstein-Maxwell equations which are 
studied in the literatures of both physics and mathematics (cf. [13] and ref- 
erences in it). In this paper, we study the compactness of families of EYM 
systems. 

The convergence of Einstein manifolds in the Gromov-Hausdorff topology 
has been studied by many authors (cf. [I], [2], [4], [7], [17] etc). Gromov's 
pre-compactness theorem says that, if (Mj,^) is a family of Riemannian n- 
manifolds with diameters bounded from above and Ricci curvature bounded 
from below, a subsequence of (Mj,^) converges to a compact length space 
(X,dx) in the Gromov-Hausdorff sense (cf. [9]). In addition, if the Ricci 
curvatures |Ric(<?j)| < fi, the volumes Voljv^ > v > for constants \x and v 
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independent of i, and the L^-norms of the curvature tensors of gi have an 
uniform bound, then it is shown in [2] that (X, dx) is an orbifold with finite 
singular points {pk\k=v Furthermore, dx is induced by a C 1,Q -metric goo 
on the regular part X\{pk}^ =l , and by passing to a subsequence, g\ C 1,a - 
converges to goo in the Cheeger-Gromov sense. If gi are Einstein metrics with 
bounded Einstein constants, then g^ is an Einstein metric and gi converge 
to (foe in the C°°-topology (cf. [I], [3J, [Hj). In the present paper, we prove 
an analogue convergence theorem for EYM systems. 

Providing (M, C,g,F,\) is an Einstein Yang-Mills system, for any m € 
N + , (M, C m ,m 2 g, mF, -\) also satisfies (UJ. By choosing an appropriate m, 
we can normalize the Einstein Yang-Mills system such that the EYM con- 
stant < 1. Thus, we only consider EYM systems with EYM constants 
belonging to [—1, 1] in this paper. 

Theorem 1. Let {(Mi, Ci, gi, Fi, Aj)} be EYM systems with EYM constants 
Aj 6 [—1,1] , where {Mi} is a family of connected closed n-manifolds. As- 
sume that there are constants > 0, v > 0, D > 0, Cq > and cq > 
independent of i such that 

(i) Vol a/ > v > 0, and diam^f. < D, 

(ii) 

f \Fi\ 2 dfii<n, 
(iii) 62 (Mi) < Co, for n = 4, or 

/ |Rm(#) I * < C /or n > 4. 

T/ien a subsequence of (Mi,gi) converges, without changing the subscripts, 
in the Gromov-Hausdorff sense, to a connected Riemannian orbifold (Moo, goo) 
with finite singular points {pk}k=i> ea ch having a neighborhood homeomor- 
phic to the cone C (»S n_1 /Tf.) , with a finite subgroup ofO (n) . The metric 
goo is a C° Riemannian orbifold metric on M^, which is smooth off the sin- 
gular points. Furthermore, there is a U(l) -bundle Coo on the regular part 
M^q = Moo\{pk\k=i> a Yang-Mills connection Aoo of Coo with curvature 
Foo, and a constant A^ G [—1,1] such that (M^, Coo, <7oo> Foo, ^00) is an 
EYM system. And, for any compact subset K CC M^, there are embed- 
dings & K : K -> M { such that <5> % £ l d = CoJ\ K for i > 1, 

® l K9i^9oo, ^Fi^Foo, and A; -> A^, 
when i — > 00 in the C°° -sense. 

Remark 1. If we assume that A« > k > for a uniform positive constant 
k, then the Ricci curvature of gi is bounded below by k, since rj is a non- 
negative symmetric tensor. By Myers' Theorem, the diameters of gi are 
uniformly bounded from above. Therefore, the condition of diameter bounds 
in Theorem can be removed. 
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Remark 2. If Mi in Theorem [7] are odd- dimensional oriented manifolds, 
by Corollary 2.8 in [2], there is no singular points in M^, and the EYM 
systems {(Mi, Ci, gi, Fi, Aj)} smoothly converges to a smooth EYM system 



Remark 3. If we replace the assumption VoU/ 4 > v > and J M _ |Rm| 2 d[i < 
Co by the condition of injective radius bounded from below, we can obtain 
C°° subconvergence of the sequence {(Mi, Ci, gi, Fi, Xi)} to a smooth EYM 
system (M^, C^, g^, F^, Xoo), by Theorem 1.1 in [2 J and the similar argu- 
ments in the proof of Theorem [7J 

From Theorem 1, one can see that orbifolds with orbifold metrics solving 
Einstein Yang- Mills equations on regular parts appear naturally as limits of 
sequences of EYM systems. We would like to construct such orbifolds which 
do not admit any Einstein orbifold metrics. Firstly, let's recall an example 
of EYM systems from [16]. Let g\ be the standard metric with Gaussian 
curvature 1 on S 2 , 52 be the standard metric with Gaussian curvature —1 on 
a surface H with genus g bigger than 1, and uj\ (resp. U2) be the volume form 
of gi (resp. 52)- If US 2 and UH denote the unit tangent bundles of S 2 and H 
respectively, then F = it^i+tt^z is the curvature of C = tt^ 1 U S 2 ®^ 1 UH 
on M = S 2 x H, where tti and 1x2 are standard projections from M to S 2 
and H. For any A < 0, the Riemannian metric g = A\ir*gi + B\'n\g2 and F 
solve the Einstein Yang-Mills equations (pQ), i.e. (M, C, g, F, A) is an EYM 

system, where A\ = 1- X^~ 2A and B\ = ~ 1 ~2a"~ 2 ~ ■ Now we assume that H 
is a hyperelliptic Riemann surface, i.e. H admits a conformal involution with 
2g + 2 fixed points. Consider the involution l of M obtained as the product 
of a 180° rotation of S 2 around an axis and the hyperelliptic involution of 
H. It is clear that the Z2-action induced by the involution preserves C, g 
and F, i.e. r 1 X ^ C, L*g = g and t*F = F. Thus the orbifold M/Z 2 has 
4g + 4 singular points, g induces an orbifold Riemannian metric on M/Z2, 
and (£, g, F, A) induces an EYM system on the regular part of M/Z 2 . We 
claim that M/Z2 wouldn't admit any orbifold Einstein metric. Note that the 
orbifold Euler characteristic Xorb(M 7Z 2 ) = |x(M) = 2 — 2g < 0. However, 
if there is an orbifold Einstein metric g' on MjTLi, then 



71 " JM/12 

by (6.2) in [I], which is a contradiction. 

In Section 2, some properties of EYM systems are studied, and, in Section 
3 Theorem 1 is proved. 
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2. Preliminary properties of EYM systems 



To start things off we present some basic preliminary properties of EYM 
systems which are used in the proof of Theorem 1. Firstly, we have the 
following lemma for an EYM system. 
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Lemma 1. If (M n , C, g, F, X) is an EYM system, then the scalar curvature 
R of g and |F| 2 are constants. 

Proof. By taking trace of the first equation of ([I]), we have 

R-- \F\ 2 = nX. 
2 1 1 



Hence 



v,(i*4iif 

2g i N i R jk - ^V fc |F| 2 



1 \ 1 

+ ■ 

1- ...,2 



2g i iV l [Xg 3k + -n jk \--V k \F\ 2 



= g tJ V l r tjk --V k \F 
And on the other hand, 

g ij ViVjk = g ij ^ t (g pq F jp F kq ) 



g^g pq F TP V t F kq + g ij g pq F kq ViF jp 
g ij g P9 F jp ViF kq - g pq F kg d*F p 
-g i3 g pq F jp (v k F qi + v q F ik ) 

:V fc |F| 2 , 



4 

where we have used the Yang-Mills equation of the EYM system ([T|) and the 
Bianchi identity. Thus we have V k \F\ = 0, and then V k R = 0. We obtain 
the conclusion, i.e. R and \F\ are constants. □ 

As a consequence of Lemma[lJ the W l ' 2p esitmate of the bundle curvature 
F of an EYM system is easily obtained. 

Proposition 1. Let (M, £, g, F, X) be an EYM system with |A| < 1. If the 

volume of the underlying n-manifold M is bounded from above by V , then 
for any 1 < p < +oo, 

/ \S/F\ 2p dfi ) < 2max{l,2Vp} |F| 2 f 1 + ( / \Rm\ p dp 
Jm ) \ \Jm 

Moreover, there exists a constant C = C(p,V, \F\ 2 ) > such that 

\\F\\ 2 wl , 2p <C(l + \\Rm\\ LP ). 

Proof. We know that \F\ 2 is a constant due to Lemma [TJ Hence 
= A|F| 2 = 2{AF,F) + 2|VF| 2 

= 2 (A d F, F) — 2 (2Rij kl Fj k Fu — R ik F k jFij — Rj k F ik Fij) + 2 |VF| 



-4Ri jkl F jk F u + 4 (Ric, rf) + 2 \VF 



2 
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It follows that 



\VF\ 



2|F| 2 |Rm| -2(Ric,r?) 

'1 
— i 



2|F| 2 |Rm| -2(\r ] + \g,i 1 



< 2 \F\ 2 |Rm| - 2A |F| 

< 2[F| 2 (l + |Rm|), 



by |A| < 1. So 
VF\ 2p dfi 



M 



< 



< 2\F 



< 2\F 



Rm| p d[i 




< 2max{l,2yp} \F 



• < ■ ■ i 1 2 

Combining with the fact that \F\ is a constant, we have 

\\Ff w i, 2p <C(l + ||Rm|| L3> ). 



□ 



After the classical Cheeger-Gromov's theorem, many works have been 
done in the convergence of families of manifolds, and there are also many 
applications of these convergence results in solving geometric problems (cf. 
[3], [9] and [11] etc.). A key point in the proofs of these convergence results 
is to use the harmonic coordinates, that is, the corresponding coordinate 
functions are harmonic functions. One reason to use harmonic coordinates 
is that Ricci tensors are elliptic operators of metric tensors under such co- 
ordinates. 

Given tensors ^ and C? C * C denotes some linear combination of contrac- 
tions of ^ in this paper. 

Lemma 2. Let (M, £, g, F, A) be an EYM system and u: U — > R n be a 
harmonic coordinate system of the underlying manifold M. Then in this 
coordinate, the EYM equations fip are 



(3) 
(4) 



1 kl d2 9ij 

2 du k du l 



1 



Qij (g,dg) - -g kl F ik Fji 



Aft 



0. 



d 2 F K 
du k d 



+ P ij (g,dg,dF)+T ij (g,dg,F)=0 
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where 

Q(g,dg) = (g- 1 )* 2 *(dgy 2 , 
P(g,dg,dF) = {g- 1 )* 2 *dg*dF, 

and 

T(g, dg, d 2 g, F) = (g- 1 )* 3 * (dg)* 2 * F + (g' 2 )* 2 * d 2 g * F. 
Proof. The Ricci tensor under the harmonic coordinate system is given by 

(cf. us]) 

1 g ki d<2 9ij 
with 

Qij(g,dg) = {g- 1 )* 2 *(dg)* 2 . 
The first equation of EYM equations becomes 

~\ gkl ^h ~ Qij (5 ' &9) ~ l^ F » F fl - x w = °- 

Note that the Yang-Mills equation d*F = is equivalent to A^F = on 
compact manifolds, i.e. F is harmonic. We use the Bochner formula of 
2-forms, 

(AaF)^ = (AF) {j + 2giPg k iR ijkl F pq - g kl R ik F lj - g kl R jk F u . 

Observe that Au k = 0, which is equivalent to g % ^ k - = for all k = 1, ■ • ■ 
Then in this coordinate chart, 

{AdF)^ = 9 kl ^gl+9 kp g lq R^iF pq 

-2^r^ + r^} + ^r< F r + ^r l f, 

+2g pq {T iq F mp Fij + r j q T mp Fii + Tj^T^Fim}. 
And the Yang-Mills equation becomes 

gkl S^ + Pij{9, &g ' dF) + Tij{9, d9, 92 g > f) = °' 



,n. 



where 



Pijig, 8g, OF) = (g- 1 )* 2 * dg * OF, and 
T^g, dg, d 2 g, F) = (g' 1 )* 3 * (dg)* 2 * F + (g' 2 )* 2 * d 2 g * F. 

□ 
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3. Convergence of EYM metrics 

This section is devoted to the proof of Theorem 1. We begin with a review 
of harmonic coordinates which play essential roles in the Cheeger-Gromov 
convergence of Riemannian manifolds. 

A compact Riemannian n-manifold (M, g) is said to have an (r,a,C l,a ) 
for < a < 1 (resp. (r, a, W l,p ) for 1 < p < oo) adapted harmonic atlas, 
if there is a covering {B Xk of M by geodesic r-balls, for which the 

balls B Xk (0 also cover M and the balls B Xk (|) are disjoint, such that each 
B Xk (lOr) has a harmonic coordinate chart u: B Xk (lOr) —¥ U C M n , and 
the metric tensor in these coordinates are C l,a (resp. W l ' p ) bounded, i.e. if 

9ij = 9 afj) on B Xk (lOr) , then 

C ^Sij < gij £5 C5ij, 

and 

\\gij\\ c i,a < C, (resp. HffijU^i.p < C,) 
for some constant C > 1, where the norms are taken with respect to the 
coordinates on £> Xfc (lOr) . 

The following is a version of the local Cheeger-Gromov compactness the- 
orem (cf. Theorem 2.2 in [I], Lemma 2.1 in [2] and 

Proposition 2. Lei Vi be a sequence of domains in closed C°° Riemannian 
manifolds (M{,gi) such that Vi admits an adapted harmonic atlas (5, a, C l,a ) 
for a constant C > 1. Then there is a subsequence which converges uniformly 
on compact subsets in the C l,a topology, a' < a, to a C l,a Riemannian 
manifold Voq. 

In [2], Anderson shows a local existence of an adapted atlas. 

Proposition 3. (Proposition 2.5, Lemma 2.2 and Remarks 2.3 in [2]J Let 

(M, g) be a Riemannian manifold with 

|Ricjvf| < A, diamjvf < D and YoIbm > v o > 

/or a ball B(r). Then, for any C > 1, there exist positive constants a = 
a (A, vq, n, D), e = e (A, vq, n, C) and 5 = 5 (A, vq, n, C) , such that for any 
1 < p < oo, one can obtain a (5, a, W 2,p ) adapted atlas on the union U of 
those balls B (r) satisfying 

/ |Rm|?d//<e. 

More precisely, on any B (10(5) C U , there is a harmonic coordinate chart 
such that for any 1 < p < oo, 

C ^5{j < g^ < C5{j, 

and 

\\9ij\\w 2 'P — 



8 HONGLIANG SHAO 

Now we need the following lemma before proving Theorem [TJ 

Lemma 3. Let (M, C, g, F, A) be an EYM system with A G [—1,1]. Assume 
that 

Vol A/ > v > 0, and / |F| 2 da < O, 



JM 

then there is a constant C\ = Ci(v,Q,n) such that 

\mc(g)\ < C x . 
Furthermore, if M is a A-manifold and 

dianiM < D, 6 2 (M) < cq, 
then there is a constant C 2 = C 2 {v , J7, D, cq) such that 

[ \Rm(g)\ 2 dfi<C 2 . 

JM 

Proof. Since (M, C, g, F, A) is an EYM system, by Lemma [H \F\ is a con- 
stant, and 

|F| 2 Vol A/ = / \F\ 2 dfi < n. 



JM 

By the assumption VoIm > v > 0, we have 

\F\ < — . 

v 

Then it is clear that 

2 



|Ric {g)\ 



2 1 



2 n(g,F) + Xg 



1 



< -|F| 4 + A|F| 2 + nA 2 
4 



< d(n,v,n). 

From now on, we assume that the dimension of M is 4, dianiA/ < D, and 
62 (M) < cq- The Bishop comparison theorem implies that the volume of M 
is bounded above by a constant c (fl, v, D, n) , i.e. 

VoLm < c (O, i?, D, n) . 

By the standard Gauss-Bonnet-Chern formula (cf. [5]), the Euler char- 
acteristic x {M) of an oriented compact 4-manifold M can be expressed as 
follows, 

x (M) = / f |Rm| 2 - 4 |Ric| 2 + i? 2 ) c^. 

Thus 

JjR m (g)\ 2 d^ = x (M) + ^^(4|Ric( 5 )| 2 -i? 2 ( 5 ))d / u 

. „ . , . max M |Ric (ff)|% , 

< 2 + 62 (M) H ^ Vol M 

< C 2 (v,n,D,co). 
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□ 

Now we are ready to prove the main theorem of this paper. 

Proof of Theorem [0 By Lemma [3] we know that under the assumption of 
Theorem 1 the Ricci curvatures and the L 2 -norms of the curvature tensors 
of gi have uniform bounds. By Theorem 2.6 in [2], a subsequence of (Mj, ft) 
converges to a Riemannian orbifold (M m , ) with finite isolated singular 
points in the Gromov-Hausdorff sense. Furthermore, gi C 1,Q -converges to 
goo on the regular part in the Cheeger-Gromov sense. Now we improve the 
convergence to the C°°-sense, and study the convergence of Fj. 

For a given r > 0, let {B Xk (r)} be a family of metric balls of radius r such 
that {B x At)} covers (Mj,^), and B x (|) are disjoint. Denote 

G l (r) = u{Bl k (r)\ [ |Rm {g t )\ 2 dfr < e 

where e = e (O, v, D, n, C3) > is obtained in Proposition [3] for a constant 
C3 > 1. So Gi(r) are covered by a (<5, a, W 2,p ) (for any 1 < p < 00) adapted 
atlas with the harmonic radius uniformly bounded from below by virtue of 
Proposition In these coordinates we have W 2,p bounds for the metrics, 
i.e. 

C3 1 °~jk < 9i,jk < C^djk, 

and 

||9i|lvi/ 2 .P — 

Since the curvature tensor Rm (g) = d 2 g + dg * dg, for any 1 < p < 00, we 
have 

ll Rm (ffi)llLP < C( n ) ll9ll W 2.2p) • 

By Proposition 1 and Lemma 3, we get an uniform W 1,2p estimate for the 
2-forms F,, 

< C(l + ||Rm( 9i )|| 

< C(p,n,n,v,C 3 ). 

By the Sobolev embbeding theorem we know that for all < a < 1 — 

lift lie 1 ' — 

1 1 Fi I [ Qa ^ C*5 , 

where C4 and C5 > are two constants. 

Note that the EYM equations are elliptic equations ([3j) and ([4]) in har- 
monic coordinates by Lemma 2. Now we apply the Schauder estimate for 
elliptic partial differential equations (cf. [10]) to ([3]), and obtain 

Hftllc 2 ^ — C(n, \\gi\\ci,a , \\Fi\\c a ) — 
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for a constant Gg > independent of i. By applying L p -estimates for elliptic 
differential equations (cf. [10]) to (|4|), 

||-^|Iw 2 > 2 p — ^( n ' Ibillc 2 - 11 ' II-^IIl 2 p) — CVi 

where G7 > is a constant independent of i. Then 

ll^illc 1 ." — ^87 

by the Sobolev embedding theorem. By standard elliptic theory (cf. |10j), 
for any I > and < a < 1, we obtain uniform C l,a bounds for the metrics 
gi and the bundle curvatures Fj, 

\\Fi\\ c i-i, a < C(l,a,n,{l,v,C 3 ). 
Hence all the covariant derivatives of the curvature tensor have uniform 
bounds. By Proposition [2j there is a subsequence of Gi (r) converges in 
the G°° topology, to an open manifold G r with a smooth metric g r and a 
harmonic 2-form F r . 

Because J M , |Rm (gi) \ 2 d[i i is uniformly bounded, there are finitely many 

of disjoint balls B (r) on which f B u r \ |Rm| 2 d\i > e. And the number of such 
disjoint balls are independent of r. 

Now choose rj — > 0, with rj+% < hrj. Let 

G\ = {x G M I x £ Gi (r m ) for some m < j} , 

then 

G, 1 C G? C Gf C • • • C Mi. 

By using the diagonal argument, a subsequence of ^G{,gi, Fj, , converges, 

in the G'' Q topology for all I > 0, to an open manifold with a smooth 
Riemannian metric g^, a harmonic 2-form and a constant A ro G [— 1, 1] , 
such that [gocFoo, Aqo) satisfies the EYM equations. More precisely, for any 
compact subset K CC M£,, there are embeddings <1>^ : iT — > Mj such that 

(5) <£>^5i -> goo, ^x-F -> F^, and A, -> Aoo, 

when i — > 00 for any Z > and < a < 1. 

For a compact subset X CC M£>, we fix a decomposition H 2 (K;Ij) = 
Hp(K; Z) flf.CK'; Z) where J3f.(if ; Z) is the torsion part and Z) is 

the free part, which is a lattice in H 2 (K;M.). Then the first Chern class 

ci(*iT ljC *) = C M + C M> where C M G H H K ^)i c li G H 2 (K;Z), and 
2^$jf-£i represents cf j by the standard Chern- Weil theory, i.e. 



^F 



G tff^Z) C H 2 F (K;R). By ©, c£. 



2tt ^if"^ 

converges to 



'l,oo 



2tt r °° 



in //^(if; R), which implies that, by passing to a sub- 
sequence, c\ { = cfgQ for i > 1. Since there are only finite elements in 
Hj,(K;Z), by passing to a subsequence, we obtain that cf^ = cf^ in 
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H$.(K;Z). Hence there is a ?7(l)-bundle £k,oo on K such that the first 

Chern class ci(£k j00 ) = cf^ + cJ )OQ , Cr,oo = *j<~ A an d is tne cur " 
vature of a Yang-Mills connection on Afoo- Now we take a sequence of 
compact subsets K i C if 2 C • • • C with UiT a = . By the standard 
diagonal argument, there is a [/(l)-bundle £oo over such that Fqo is the 
curvature of a Yang- Mills connection A^, and, for i> 1, 

The remainder of the proof is the same as arguments in Theorem C in pQ 
and Theorem 2.6 in [2]. For the convenience of readers we sketch the proof 
here, and refer to the two papers for more details. 

Let Mqo = M£o U {Pk\k=i be the metric completion of M^. By using a 
blow up argument in [I], is a connected orbifold with a finite number 
of singular points {pk}k=i c ^00, and the metric can be extended to a C° 
orbifold Riemannian metric on M^. Furthermore, each singular point has 
a neighborhood homeomorphic to the cone C (5 n_1 /T^J , with T/% a finite 
subgroup of O (n) . □ 

Acknowledgement. I am grateful to Professor F.Q. Fang for his bril- 
liant guidance and to Professor Y.G. Zhang for a lot of stimulating conver- 
sations. 
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